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ABSTRACT: We use the new N = (2,2) vector multiplets to clarify T-dualities for gen-
eralized Kéhler geometries. Following the usual procedure, we gauge isometries of non-
linear o-models and introduce Lagrange multipliers that constrain the field-strengths of
the gauge fields to vanish. Integrating out the Lagrange multipliers leads to the original
action, whereas integrating out the vector multiplets gives the dual action. The description
is given both in N = (2,2) and N = (1, 1) superspace.
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B. Conventions and notation

1. Introduction

The basic inspiration for our work is the interesting duality found in [, B] for two dimen-
sional nonlinear o-models with N =(2,2) supersymmetry and target space geometries that
are not Kihler. As was shown in [f}, ], T-dualities arise when one gauges an isometry,
and then constrains the field-strength of the corresponding gauge field to vanish. In this
paper, we use the new vector multiplets introduced in [f], [ to describe T-duality for gen-
eralized Kéhler geometries (for a sampling of articles in the field, see []]). We first work
in N = (2,2) superspace, and then reduce to N = (1,1) superspace and find the usual
T-duality of Buscher [§].

The plan of the paper is as follows: In the next section we briefly review T-duality
in the pure Kihler case [§]. We then review the classes of isometries that generalized
Kéahler geometries admit. Next, we consider T-dualities along isometries in the kernel
of the commutator of the left and right complex structures that mix chiral and twisted
chiral multiplets [[J]. Finally we describe T-dualities along isometries in the cokernel of
the commutator, which act only on the semichiral multiplets [[[(]. We use the bihermitian
description of generalized K&hler geometry throughout the paper, and leave the description
of T-duality in terms of generalized complex structures to the future.

We end with a brief conclusion.



2. Kahler geometry and T-duality

In this section, we briefly review isometries, gauging, and T-duality in N = (2,2) and
N = (1,1) superspace for a system with chiral superfields ¢* and an N = (2,2) super-
space Lagrange density given by a Kihler potential K (¢%, ¢%) [}, i}, §. For simplicity, we
consider an isometry generated by a holomorphic Killing vector k that leaves the Kahler po-
tential invariant!

k=k'0; =k, +k°0, , LK =0, (2.1)

where ' = {¢?, $*}. The isometry is gauged using a multiplet V¢ to promote the constant
(real) transformation parameter A to a complex chiral superfields A:

A (K9, + £°8,) K (6%,6%) =0 — (Ak“@a + Ak°8, + 5v¢av¢)K<g> (¢“, . V¢) ~0.
(2.2)
From (R.1)), it follows that?

(AK*Dy + AK"0,) K (9, 9%) = % (A=A LK . Jk=1i(k"0, —k"0,) . (2.3)
Using the usual gauge transformation §V® = i(A — A), we find the gauged action [LI]]:
K9 (6,6%,V°) = exp (~3VLy) K (6°,6°) - (2.4)

To find the T-dual model [, we constrain the twisted chiral field-strength DyD_V? to
vanish. We impose this with a Legandre transformation of the density with a twisted chiral
Lagrange multiplier x:

K9 (6,65 V) = (x+ ) V7. (2:5)

In N =(2,2) superspace, we find the T-dual Lagrange densities by integrating out either
X + X, which gives the original Kihler potential, or V¢, which gives the T-dual potential
K (x + )Z,acA) where 24 are “spectator” fields, i.e., combinations of the ' that are inert
under the action of the isometry (R.]). The geometric nature of the duality is made
manifest when we descend to N =(1, 1) superspace. In Wess-Zumino gauge, the N=(1,1)
components of the multiplet V¢ and the covariant derivatives are

V=0, QiV? =Ar, iQQ-V? =d, Viyg =Dip — ALK (2.6)
the constrained Lagrange density (R.5) becomes:
9iiV4+o'V_ol —id (KT + (x + X)) + f(x = X) (2.7)

where f = i(DyA_+ D_A,) is the N =(1,1) field-strength for the gauge fields, g;; is
the Kahler metric, and KZ-JJZ:k‘j = Ly K is proportional to the moment map when the
Kéhler potential is invariant (as discussed above, in general £y, K — —pu). Integrating out

!The general case when K is invariant only up to a Kahler transformation is discussed in detail in [E],
and in the generalized Kahler case in [@]
2If K is not invariant, in (E) LK must be replaced by the moment map of k: LjxK — —pu.



the N = (1,1) auxiliary superfield d sets x + x equal to the moment map. This can be
solved either by expressing x + X as a function of ¢, or by changing coordinates to x 4 x
and a combination of ¢’ algebraically independent of the moment map; the two procedures
are related simply by a diffeomorphism. This gives the N =(1,1) gauged Lagrange density
with Lagrange multiplier (xy — x) constraining the field-strength f:

L1=0gi;Vie' Vool + f(x—X). (2.8)

where g;; is the original Kéhler metric (in ¢° coordinates). Thus N =(2,2) T-duality is the
same as N = (1,1) T-duality up to an accompanying diffeomorphism; this was originally

proven by Buscher [§], but not explicitly spelled out.

3. T-duality for the generalized Kahler geometry

In a recent paper [[f] we discussed gauge multiplets suitable for gauging isometries of gen-
eralized Kahler geometries. We found three distinct vector multiplets, corresponding to
three distinct types of isometries: those along the kernel of either J; — J_ or (equivalently)
Ji + J_, those acting on both kernels, and those along the cokernel of the commutator
[J4,J_]. The isometries can be expressed, following [fl], in adapted coordinates:

ko = 10 — 03), (3.1)
kfbx = i((% - 8& - ax + 8)—() )
kir = (0L — 0f —Or + OR) . (3.3)

If we assume that the generalized Kéahler potential is invariant, the corresponding gauged
actions are:

Ky = Ko (04+6+V%a) (3.4)

Koy = Koy <¢+<;3+V¢,x+>z+vx,i(¢—<;3+x—>z)+V’,x) , (3.5)
Kx = Kx (Xp +Xp + VI Xp + Xp + VE (X, — Xy +Xg — Xg) +V,2) , (3.6)

where z represents all possible spectator fields. The case (B.4) is essentially identical to the
Kahler case above; aside from subtleties pertaining to the interpretation of the moment
map, which will be discussed in [[J], there are no new features. We now consider (3.3), (B.9)
in detail, and show that they again reduce to standard Buscher duality in N = (1,1)
superspace, along with some natural diffeomorphisms inherited from N =(2,2) superspace.
A more general discussion of isometries and moment maps will be given in [[[J].

3.1 T-duality for an isometry kg,

For an invariant generalized Kéhler potential K in adapted coordinates, the gauged action
is (B.H). In the special circumstance when all the spectators are (twisted) chiral, we can
give a nice geometric interpretation of the gauging analogous to the Kéahler case above. In
this case both complex structures are simultaneously diagonalizable; and the manifold has



the Bihermitian Local Product (BiLP) geometry defined in [[J]. Using the invariance of
K under kg, , and using the complex structures J+ and their product Il = JJ_

[(A95-Ay) + c.c.| K (3.7)

:%‘ [(A_A);C(J++J7)k+ (/:\—]\) ﬁ(J+_J7)k+Z' <A+A—A—Iz\) ﬁl‘[k] K
To gauge the isometry, we require

0=06VyaK (3.8)
+4 [(I&—A) Ligivr o+ (K—]\) Lig,—gp+i (A+I&—A—fx> Enk] K

The three superfields of the large vector multiplet [f] have the right gauge transformations
to gauge this symmetry:

ove=i(A—A) , ov¥=i(A-A), V' =(-A-A+A+A)
= K9 = exp (—iv%(hﬂf)k — VXL gk — %v’cnk) K . (3.9)
To find the T-dual, we introduce Lagrange multipliers that constrain the field strengths

of the large vector multiplet to vanish. As discussed in [f], it is useful to introduce complex
potentials for the field-strengths:

V=3 |-V +i (VO -vY)| = v = A -,

Vr =

N = DN =

{_v/+z'(v¢>+v><)} = Ve =A—A . (3.10)

Since (A)A are respectively (twisted)chiral, these give the following gauge invariant complex
spinor, semichiral, field-strengths:

G+ — D+VL 5 G+ - D+VL,
G_.=D_Vg, G_=D_Vg. (3.11)

Using the chirality properties of the field-strengths we obtain the constrained N = (2,2)
generalized Kéhler potential, as in (R.H), using semichiral Lagrange multipliers X:
K9 — Lopng. = K9 = 1K,V — 1R, V7, — 1K5VR — 1X5VR . (3.12)

This applies to the general case, not just BiLP geometries, though in general, we do not
have a nice geometric form of K9 (this will be discussed in [[J)).

30ur conventions here, which are compatible with the inherent geometric objects Ju,k, are slightly
different than those introduced in [E], see appendix E for the relation between the conventions.



3.1.1 Reduction to N=(1,1) superspace
Using the results of [ (as summarized and clarified in appendix [A]), we obtain the N =(1,1)
reduction of this action in the Wess-Zumino gauge; the part from K is
L= B4+ Vi BicE®) Eap (28 + EBPEp;V_¢)
+V.¢' (Eij — EaE*BEg)) V_¢l
VKK (q¢>(Jij T (T — ) + q”nij) (3.13)

where we introduce the matrices:

Ey = Kjj (Jj_szl — %Hik5jl — %H%d%) (3.14)
Ji,

Ea = K kP | ok - 3.15

1 7 (Hlkjil ( )

Bia = Kigh! (37, T0P) (3.16)

(3.17)

Exg = Kijk‘kk‘l (JZ_ICJ'JH Jiknjl>

Iy J2, 10T,
where the normalizations of the auxiliary fields Z4,§ as well as the field-strength f are

given in appendix [].
The constraint reduces to

+ N
SN—

Leonst. ZXL(Q ——f+q — ¢ —iD.E _) +1/1 (—i—iEi—E
—|—XL<zq —1f— ¢+ ¢ +iD,E )+¢ (—isk —=2)
+Xp (id + 4 + @+ ¢ +iD_Z}) + dy (~iEL + 22
+X g (z’q” +if—¢°— ¢ - z‘D_E2+> i, (HEL+E2) . (3.18)

where X = X!, vy = Q+§§L] and ¢_ = Q_XR] are the N = (1,1) components of the
Lagrange multipliers X.

3.1.2 T-duality for the large vector multiplet in N=(1,1) superspace

Integrating out the auxiliaries TZJ:t simply constrains E’i to vanish, and we obtain the gauged
Lagrange density:
£ = Ky (o, = 367, = 30T ) Vi phv g
tig® (K (Ji;+ T ) K i (XL X+ Xp —)_E'R))
—I—qu< Jﬂ )k:j—i<)~(L—):(L—XR+):(R>)
+i ’(KH’ kI — (XL+XL+XR+XR>>

+4 (X0 + X1 - Xp - Xnp) (3.19)



Imposing the equations of motion for ¢%, which again just give diffeomorphisms, we obtain
a gauged nonlinear o-model with constrained field strength which proves that the dual
geometries are indeed related by a Buscher duality.

3.2 T-duality along semichiral isometries krr

In the presence of semichiral superfields we can no longer decompose the action of the
gauged isometry as in the BiLP case (B.7) and separate the rigid piece which acts on the
Kahler potential with £;. An extensive treatment of non BiLP geometries is left for [[J].
Making the notation of [f] compatible with the previous section we redefine the complex
potentials* and reduce in the Wess-Zumino gauge:

VE[ =0, (QuVE)|=2Iy (QVE)[=0, Q4Q VF=—2i(d>—d")
VA =0, (Q:VH)=0 (Q-VF)| =2l , Q:Q-V = -2i(d* +d") (3.20)
V=0,(QV)=0 (QV)=0, QQV =-2id.

The N=(1,1) gauge field-strength f = i(D;I'_ + D_T'}) obeys the Bianchi identity
z‘(IE‘—F+I§‘—I§‘)‘:f (3.21)

(the N = (2,2) field-strengths F,F are given in appendix B). Following we write the
constrained Lagrange density

Kx (Xp + X1 + VI Xp + Xp + VE,i(Xy — X + Xg — Xp) + V) — ¢V — ¢V — x¥ — 3V

(3.22)
which reduces to N =(1,1):
L= E;V,X'V_XI +d! [(—z’aL 0y +i0p +i05) K +2 (q% - ¢)]
+d* (0, +i0r + 10 +i05) K — 2 (Y — X)]
+d [} (0~ 0y - aR+aR>K—z'(<$ +o+X+X)]
+f |[-id—id+ix+iX] (3.23)

where E;; = (gij+ B;j;) is the metric and B-field of the generalized Kéhler geometry as given
in, e.g. [[4]. As in the previous section, we impose the equations of motion for d® to obtain
the gauged nonlinear o-model with the constraint on the field-strength f that we recognize
as the hallmark of T-duality. Again, the de equations of motion just give diffeomorphisms.

4. Conclusions

We have used the gauge multiplets constructed in [f], fj] to investigate the duality between
semichiral and (twisted) chiral superfields discovered in [], and found that the dual geome-
tries are related by Buscher duality. We demonstrated this in N =(2,2) superspace where
we gave the generalized Kéhler potentials with gauged isometries. When we descended to

1See appendix [B] for full details



N =(1,1) superspace, the nature of the T-duality was clarified: we found a gauged nonlin-
ear o-model with a Lagrange multiplier constraining the field-strength of the gauge field
as well as diffeomorphisms relating the generalized moment maps in the original geometry
to natural coordinates in the dual geometry.

This work is part of an ongoing exploration of generalized complex geometry, using
nonlinear ¢ models, and is therefore complimentary to the mathematical aspects of T-
duality considered in [[[J]. The full construction of the moment maps and a geometric
discussion of these results is left for future work [LJ].

Note After completing our work, we became aware of related results obtained by W. Mer-
rell and D. Vaman.
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A. Reduction to N =(1,1) superspace for gauged BiLP geometries

In this appendix we review some of the results of [[j] as they emerge from inherent geometric
objects for BiLP geometries. The N = (1,1) invariants system of [ is slightly modified
so that the reduction of the gauged Lagrange density (B.13) to N = (1,1) is simpler in
this context; namely, carrying out the reduction for the matter couplings piece will give
convenient redefinitions for N = (1,1) gauge invariants. Acting with Q1 on the gauged
action we can identify the connections Ay that enter with Jik respectively:

Qa0 ) (1 Du - 1011+ VO
~1Qu (VO = VLK — LQuV'TT )
KO (L, Ve + ZLILW + W) (A1)
We find it useful to modify the N=(1,1) notation of [{], introducing:

o 1 =1 =2 o 1 =1 =2 . 1 =2
q¢ = 13 <Q[+5_] - D[+:_}> , @Y=y (Q(—:+) + D(+5—)) , 4= —Z§Q[+:_}
(A.2)
and the field-strength for the connections A4

f=-iQuE%) =i(DyA_+ D_Ay) (A.3)
which allows us to write the reduction for Q. Q_K ) in terms of the geometric objects:
QrQ-K9 = KP | (JVaih+ Ik EL + k22 ) (77, Vo oh + ] K2l 410 k22 )

—1 (8%, 4+ ', 67)) V+<ka—<ﬁl]

iR O <(?¢ (T +J) o+ @ (T = J) e+ @/Hik) (A4)



Object Old | New
ove i(A=A)
SV X i(A—A)
N A+A+A+A ~A—A+A+A
Complex potential | V = $(V/ +i(V?+ VX)) | V= 3(=V' +i(V? - VX))
and variation (1) SV=A+A oV =A—A
Complex potential | V = (V' + i(V‘z’i— V)| VR=3(-V'+ Z(V? + VX))

and variation (2) SV =A+A SVR=A—-A
N:(2, 2) G+ - D+V G+ - D+VL
Gauge invariants G_=D_V G_=D_Vz
@+ - D+‘:/ @+ = D+VL
G_.=D_V G_=D_Vg
Decomposition E4 = (Re(G4)|, Im(G4)))
to N=(1,1) DL 24
¢ =i(Q-Z — Q4=Y) | ¢ = ~il(QuEL, - DY)
g-invariants: G’ = i(Q_Efr + Q) | X = —z%(Q(__JF) + D(+E2_))
¢ =i(Q-F5 - Q+F2) j = —i3(Q+E2 — Q-E3)
The field-strength f i(Q+E2 +Q-E2) —i(Q+E2 + Q_E2)

Table 1: Large vector multiplet conventions and definitions

B. Conventions and notation

The conversion between the notation of [f] and the current notation can be derived from

changing some signs:

as well as

(.07} -~ {i)

{V/,VR,V/,VR} N —{V/,VR,V/,VR}

These changes correct some unnatural conventions for the definitions of isometries.

We summarize the essential consequences here for both the large vector multiplet and

the semichiral vector multiplet in the tables below.




Object

Old

‘ New
SVEL i(Ap —Ap)
SVE i(Ar — AR)
oV’

AL+ AL +Ar+Ag

—AL — AL+ A+ Ag

Complex potential
and variation (1)

V= 2(V +i(VL + VE))
o0V =Ar+Agr

V= 2(=V +i(VE - VR))
oV =Ap — Ag

Complex potential

V=LV +i(VE - VE))

V= 3(=V' +i(VE + VE))

and variation (2) oV =Ar+Agr oV =Ar—Agr
N=(2,2) F= DDV , F=-D,D_V
Gauge invariants F=D,D.V , F=-D,D_V
d-invariants (flz(F+F)| , 622:(@‘4-1%)‘ , dB:i<F—IF‘—IF‘+IE'>‘
Gauge fields Iy =3 (Q:VvE—iD,V Iy =3 (QiVE+3DLV)

|
r_= -3 (V- 1DV

2 |
r_-i(Qvi-in.v)

Bianchi identity

i(F—fFHF—fF)(:f:z'(D+r_+D_r+)

Table 2: Semichiral vector multiplet conventions and definitions
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